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Abstract
We attempt to shed light on the following question: What happens to the negative
energy states when we take the non-relativistic limit of the Dirac equation? The Le´vy-
Leblond equation is the non-relativistic limit of the Dirac equation and describes fermions
in the non-relativistic limit. The Le´vy-Leblond equation includes singular matrices and
an attempt to write the Hamiltonian appears to show that the negative energy states
are “buried” under an infinity. We attempt to isolate the infinite energy states and also
present an equivalent way of viewing the Schrodinger dispersion relation. We propose
that the Le´vy-Leblond equation can also be seen as resulting from the contribution of
enhanced Lorentz violating terms to the Dirac equation.
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1 Introduction
Infinities frequently appear in quantum field theories and approaches to tackle these are typi-
cally referred to as renormalization methods. The aim of this article is to address the infinities
that arise in the Le´vy-Leblond Hamiltonian. The Le´vy-Leblond equation [1, 2] results from the
non-relativistic limit of the Dirac equation and describes fermions in the non-relativistic limit.
The Le´vy-Leblond equation involves singular matrices and an attempt to write the Hamilto-
nian of this equation leads to two states that have finite energies (E = p2/2m) whereas the
other two are infinite (E = m/− p2/2m, → 0) [4].
The Dirac equation has negative energy states which are interpreted as antiparticles. The
motivation of this article is the following: What happens to these negative energy states in the
transition from the Dirac equation to the Le´vy-Leblond equation. The negative energy states
appears to be “buried” under an infinity. In an attempt to isolate these infinities we suggest an
equivalent way of interpreting the Schrodinger dispersion relation. This interpretation implies
that the the Le´vy-Leblond Lagrangian is obtained by including certain Lorentz violation terms
to the Dirac Lagrangian.
2 The Le´vy-Leblond Equation and Infinities
In this section we describe how infinities arise in the Le´vy-Leblond Hamiltonian and in the
following section we shall address how to isolate them. The Dirac equation is given by (
~ = c = 1)
(iγµ∂µ −m)ψ = 0 (1)
or in momentum space
(γ0E − γipi −m)ψ = 0 (2)
where γµ are the Dirac matrices. The non-relativistic limit of the Dirac equation yields the
Le´vy-Leblond equation [3]:
(η1E
′ − γipi + η2m)u = 0 (3)
Here η1 = (γ0+I)/2 and η2 = (γ0−I), and the above equation yields the dispersion relation of a
non-relativistic particle (E ′ = p2i /2m). The matrices η1,2 are singular, hermitian and η1η2 = 0.
Note that in [3] the non-relativistic limit of the Dirac equation was analyzed with the iγ5
mass term. The matrices obtained in [3] were non-hermitian and singular. The Hamiltonian
corresponding to the Le´vy-Leblond equation is given by
HL = η
′−1(−iγi∂i −mη†) (4)
2
where we have chosen η′ = η−η†. In the limit → 0, two of the eigenvalues of the Hamiltonian
in (4) are finite where as two approach infinity
E1,2 =
~p 2
2m
(5)
E3,4 = − ~p
2
2m
+
m

(6)
We can see that the negative energy states appear to be “hidden” under an infinity. For the
negative energy states we can also define the renormalized energy as
E ′3,4 = E3,4 −
m

= − ~p
2
2m
3 Isolating the Negative Energy States
In this section we present the Hamiltonian that results from attempting to isolate the infinities
encountered in the Le´vy-Leblond equation. We first discuss how this exclusion appears for
scalars by suggesting a rescaling of the Dirac dispersion relation as follows:
E = ±
√
p2 +m2 (7)
±E = p
2
2m
+m− p
4
8m3
+
p6
16m5
+ . . . (8)
±E − E ′ = p
2
2m
(9)
where
E ′ = m− p
4
8m3
+
p6
16m5
+ . . . (10)
= ±
√
p2 +m2 − p
2
2m
(11)
Note that −∞ ≤ E ′ ≤ m. Next, we will discuss how the above approach appears for fermions
by considering the Dirac Hamiltonian (HD = γ0γipi+mγ0) and the Le´vy-Leblond Hamiltonian
(4). Subtracting the two Hamiltonians in the above manner can isolate the infinite energy
states:
H ′ = HD −HL (12)
Here the eigenvalues of the Hamiltonian H ′ are (m, m, −m−m/,−m−m/). We can interpret
the above equation as follows. The contribution of these states with positive rest mass energy
(E = m) and infinite negative energy (E = −m − m/) to the Le´vy-Leblond Hamiltonian
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leads to the Dirac Hamiltonian (HD = HL + H
′). Further insights into this approach can
be obtained by considering the Lagrangian approach. The Dirac Lagrangian (LD) and the
Lagrangian corresponding to the Le´vy-Leblond equation (LL) are given by
LD = iψ¯γµ∂µψ −mψ¯ψ (13)
LL = iψ¯ηµ∂µψ +mψ¯η2ψ (14)
where ηµ = (η0, ηi) = (η1, γ
i). The Lagrangian corresponding to the infinite energy states can
be written as
L′ = LD − LL (15)
Here L′ includes terms that violate Lorentz invariance. These terms, when added to the Dirac
Lagrangian, yield the Lagrangian corresponding to (3), i.e.,
L′ = iψ¯
(
γ0 − I
2
)
∂0ψ −mψ¯γ0ψ (16)
Therefore in light of the above approach we can say that the Le´vy-Leblond Lagrangian results
from the contribution of certain Lorentz violating terms in the Dirac Lagrangian.
4 Conclusion
We attempted to better understand the infinities that arise in the Le´vy-Leblond Hamiltonian.
We suggest two possible ways of viewing the Le´vy-Leblond equation. One is that it is the
non-relativistic limit of the Dirac equation. Another equivalent way is that it is obtained from
the contribution of enhanced Lorentz violating terms to the Dirac equation.
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